
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 20, No. 3, May–June 1997

New Penalty Functions and Optimal Control Formulation
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A universal attitude penalty function g( ) is presented that renders spacecraft optimal control problem solutions
independent of attitude coordinate choices. This function returns the same scalar penalty for a given physical
attitude regardless of the choice of attitude coordinates used to describe this attitude. The only singularities the g( )
function might encounter are solely due to the choice of attitude coordinates. A second attitude penalty function
G( ) is considered, which depends speci� cally on the modi� ed Rodrigues parameter (MRP) vector ¾. The MRPs
allow for a nonsingular attitude description through a noncontinuous switch to their associated shadow set. A
corresponding switching condition is presented for the MRP costates to allow the nonsingular MRP attitude
description to be used in optimal control problems. Computational experiments are used to illustrate and validate
the analytical results.

I. Introduction

S OLUTIONS of spacecraftoptimalcontrolproblems,whosecost
function rely on an attitude description, usually depend on the

choice of attitude coordinates used. Coordinate choices are often
considered a matter of taste, but the question of coordinate opti-
mality arises. For example, a problem could be solved using 3–2–1
Euler angles or using classical Rodrigues parameters and yield two
different optimal solutions, unless the performance index is invari-
ant with respect to the attitude coordinate choice. Another problem
arising with many attitude coordinates is that the resulting control
formulation has no intrinsic sense of when a body has tumbled be-
yond §180 deg from the reference attitude. In many such cases it
would be simpler and cheaper to let the body complete the revo-
lution rather than force it to reverse the rotation and return to the
desired attitude.

This paper develops a universal attitude penalty function g( )
whose value is independent of the attitude coordinates chosen to
represent it. Furthermore, this functionachieves its maximum value
for any principal rotation of §180 deg from the target state. This
implicitly permits the g( ) function to sense the shortest rotational
distance back to the reference state.

An attitude penalty function G( ), which depends speci� cally
on the modi� ed Rodrigues parameters (MRP) will also be pre-
sented. This MRP penalty function is simpler than the attitude
coordinate independent g( ) function, but retains the useful prop-
erty of avoiding lengthy principal rotations of more than §180
deg and being nonsingular.These recently discovered MRPs1¡6 al-
low for a nonsingular, three-parameter attitude description. This is
achieved by switching the MRPs to their associated shadow set,
which abide by exactly the same differential equation.1,4 Because
the MRPs are discontinuous during this switching, a correspond-
ing MRP costate switching condition is introduced that allows the
nonsingular MRP attitude description to be used in optimal control
problems.
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II. Problem Statement
A. Optimal Control Problem

Most spacecraftoptimal control problems have a cost function J ,
which depends on the control effort, the body angular velocity, and
the attitude. Let u be the control torque vector, ! the body angular
velocity vector, and ´ a generic attitude coordinate vector in the
following general optimal control formulation with � xed maneuver
time t f :

min J D h(t f ) C
t f

0

p(´, !, u, t ) dt (1)

subject to

( Ṕ , P!)T D F(´, !, u)

where typical penalty functions are

h(t f ) D 1
2
K1g ´t f

C 1
2 !T

t f
K2!t f (2)

and

p(´, !, u, t ) D 1
2

K3g(´) C !T K4! C uT Ru (3)

The weights K1 and K3 are scalars; the weights K2, K4 , and R
are 3 £ 3 matrices. The function g(´) is a general, nonnegativeatti-
tude penalty function. For spacecraft optimal control problems, the
equations of motion are usually imposed as an equality constraint.
They are given in Eqs. (4) and (5), where the function f (´), ob-
tained from kinematic analysis, returns a matrix dependent on the
choice of attitude coordinates. The equations of motion are

Ṕ D f (´)! (4)

= P! D ¡[ Qx ]=! C u (5)

The matrix = is the spacecraft inertia matrix. The tilde matrix is the
cross-productoperator

[ Qx ] D
0 ¡ x 3 x 2

x 3 0 ¡ x 1

¡ x 2 x 1 0

(6)

The Hamiltonian H for this system is

H D 1
2
K3g(´) C 1

2 !T K4! C 1
2 uT Ru

C K T
r f (´)! C K T

x =¡1(¡[ Qx ]=! C u) (7)
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The costate equations are given by7¡9

PK r D ¡
¶ H

¶ ´
D ¡1

2
K3

¶ g

¶ ´
¡

¶
¶ ´

[ f (´)!]T K r (8)

PK x D ¡
¶ H

¶ !
D ¡K4!¡ f (´)T K r ¡ (=[ Qx ]¡ [= x ])=¡1 K x (9)

For unboundedcontrol torque u, the optimalitycondition ¶ H / ¶ u D
0 leads to the following optimal control torque7¡9:

u D ¡R¡1=¡1 K x (10)

The transversalityconditions for a free � nal state are7,8

K r (t f ) D
¶ h

¶ ´
(t f ) D

1

2
K1

¶ g

¶ ´
(t f ) (11)

K x (t f ) D
¶ h

¶ !
(t f ) D K2!(t f ) (12)

Given good estimates of initial conditions, this nonlinearoptimal
control problem can be solved using various standard techniques.9

B. Attitude Coordinates
Attitude coordinates de� ne the rotational orientation of a rigid

body relative to some reference frame. Just as there are a number
of different coordinates that describe translation (Cartesian, cylin-
drical, spherical), there are an in� nite number of different ways
to describe an attitude. Common examples are the Euler angles,
the classicalRodrigues parameters or the Euler parameters (quater-
nions). Orientations differ from spatial positions in a fundamental
way. The largest difference between two physical orientations cor-
responds to a principal rotationof §180 deg, a � nite value, whereas
the difference in two spatial positions can grow to in� nity.

Minimal three-coordinateattitude representationsgenerally con-
tain singularities.These occur at speci� c attitudes at which the co-
ordinates are not uniquely de� ned. The Euler parameters avoid any
singularitiesat thecostof addinganothercoordinate.This redundant
set has an equality constraint, which restrains the attitude vector to
be of unit magnitude. Therefore, if Euler parameters are used in a
simple optimal control problem otherwise having no constraints,an
equality constraint is automatically added.10,11

Among other coordinate sets, this paper will use the very elegant
set of recently developedMRPs with their shadow counterpart.1,3¡5

They allow for a nonsingular rigid-body attitude description with
several other useful attributes. The MRPs can be de� ned through a
transformation from the Euler parameters as1,2,6

r i D b i / (1 C b 0) i D 1, 2, 3 (13)

or in terms of the principal rotation axis Oe and the principal rotating
angle v , the MRP vector is

¾ D Oe ¢ tan( v / 4) (14)

Like the Euler parameters, the MRPs are not unique.A second set
of MRPs, called the shadow set, can be used to avoid the singularity
of the original MRP at v D §360 deg at the cost of a discontinuity
at a switching point. The shadow set is found by reversing the sign
of the b i in Eq. (13). The transformation between the original and
shadowsets of MRPs for any arbitrary switchingsurface ¾T ¾ is1,3,4

r S
i D ¡ r i / ¾T ¾ i D 1, 2, 3 (15)

Keep in mind that distinguishingbetweenoriginaland shadowset
is purely arbitrary.Both sets describe the same physicalorientation.
If the switching condition is set to ¾T ¾ D 1, the magnitude of the
MRP orientation vector is bounded between 0 · j¾j · 1 and the
principal rotation angle is restricted between ¡180 · v · C180
deg. Note that this combined set of original and shadow parameters
implicitly knows the shortest rotation back to the origin.1 Principal
rotations of more than 180 deg are typically avoided.

The differential kinematic equation for the MRPs is given
next.1,2,6 This exact kinematic equation only contains second-order
polynomial nonlinearitiesin ¾:

d¾

dt
D 1

2
I

1 ¡ ¾T ¾

2
C [ Qr ] C ¾¾T ! (16)

Equation (16) holds for both the original and the shadow set. This
means that the derivative is well de� ned even at the switchingpoint.
Let us introduce the notation r 2n D (¾T ¾)n and note that

dr 2

dt
D 1 C r 2

2
¾T ! (17)

Using Eqs. (16) and (17), the general relationship between d¾/ dt
and d¾S / dt for an arbitrary switching condition is

d¾S

dt
D ¡

1
r 2

d¾

dt
C

1 C r 2

2 r 4
¾¾T ! (18)

The partial derivative of Eq. (16) with respect to ¾ is

¶
¶ ¾

[ f (¾)!] D 1

2
(¾!T ¡ [ Qx ] ¡ !¾T C ¾T ! I ) (19)

The direction cosine matrix in terms of the MRPs is1,2,6

C(¾) D
1

(1 C r 2)2

£
4 2 r 2

1 ¡ r 2 C R 2 8 r 1 r 2 C 4 r 3 R 8 r 1 r 3 ¡ 4 r 2 R

8 r 1 r 2 ¡ 4r 3 R 4 2r 2
2 ¡ r 2 C R 2 8 r 2 r 3 C 4 r 1 R

8 r 1 r 3 C 4r 2 R 8 r 2 r 3 ¡ 4 r 1 R 4 2 r 2
3 ¡ r 2 C R 2

R D 1 ¡ r 2 (20)

III. Universal Attitude Penalty Function
A scalar attitude penalty function is sought that will return the

same value for a given physicalorientation,regardlessof the choice
of attitude coordinates used to describe this function. This allows
for a universalsolutionto many spacecraftoptimal controlproblems
and removes the dependency on the attitude coordinate choice. We
introduce the following nonnegative measure of attitude displace-
ment from a reference orientation:

g([C]) D 1
4
f3 ¡ tr([C])g 2 <C (21)

This penalty function is given in terms of a proper orthogonaldirec-
tion cosine matrix [C ]. This rotationmatrix is the most fundamental
way to describe a rotation; unfortunately, it is also the most redun-
dant. If there is no rotational displacement, the [C ] matrix is the
identity matrix and g([C]) D 0.

The largestdifferencebetween two attitudesis a principalrotation
of §180 deg. Here the [C ] matrix is a diagonal matrix with two en-
tries being¡1 and one beingC1. In this case g([C]) D 1. Therefore,
the g( ) function is bounded for all possible motion between

0 · g( ) · 1 (22)

This penalty function can be written explicitly in terms of the prin-
cipal rotation angle v as

gf[C (Oe, v )]g D sin2( v / 2) (23)

This description makes the bound in Eq. (22) very easy to under-
stand. The attitude cost is the highest only if the body is turned
§180 deg from the reference state. The g( ) function is plotted rel-
ative to the principal rotation angle v in Fig. 1. Using this type of
attitude penalty function will typically avoid lengthy rotations. It
intrinsically lowers the cost once the attitude has moved beyond
§180 deg. The advantage of de� ning the g( ) function initially in
terms of the [C] matrix is that this rotation matrix can be parame-
terized by any attitude coordinates and, thus, making it universally
valid for any choice of attitude coordinates. The following are a
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Fig. 1 Universal attitude penalty function g( ).

few sample parameterizations.Let ¯ be an Euler parameter vector;
then

gf[C(¯)]g D b 2
1 C b 2

2 C b 2
3 (24)

and

¶ g

¶ ¯
D [0 2 b 1 2 b 2 2b 3]T (25)

The Euler parameters are a nonsingular once-redundant set of
attitude coordinates. Their drawback for optimization problems is
that the redundancy introduces an additional equality constraint on
the attitudevector. This redundancyalso requires care to avoid other
numerical problems when inverting some sets of equations.10

Another popular attitude coordinateset is the classicalRodrigues
parameter vector q. It parameterizes the g( ) function as

gf[C (q)]g D qT q
1 C qT q

(26)

and

¶ g

¶ q
D 2q

1

(1 C qT q)2
(27)

These coordinates are a minimal three-coordinate set and do not
have any problems with redundancies. However, like most three-
parameters sets, they contain a singular orientation. The classi-
cal Rodrigues parameters go singular for any principal rotation of
§180 deg. If it is a priori known that no such rotations will be en-
countered,this choice for attitude coordinatesdoes allow for a large
range of possible rotations.

Probably the most popular choice of attitude coordinates are any
one of the 12 sets of Euler angles. Let ( h 1 , h 2, h 3) be the set of 3–1–3
Euler angles. They parameterize the g( ) function as

gf[C(µ)]g D 1
4
[3 ¡ (1 C cos h 2) cos( h 1 C h 3) ¡ cos h 2] (28)

and

¶ g

¶ µ
D 1

4

(1 C cos h 2) sin( h 1 C h 3)

sin h 2 cos( h 1 C h 3) C sin h 2

(1 C cos h 2) sin( h 1 C h 3)

(29)

The advantage of the Euler angles is that they are easy to visual-
ize, especially for small angles. However, any attitude description

with Euler angles is never more than 90 deg away from a singular-
ity. This makes these coordinates dif� cult to use for large arbitrary
rotations. Further, the kinematic equations for the Euler angles are
in terms of trigonometric functions, making them more computa-
tionally intensive than having only polynomial equations.

A very attractive attitude descriptionare the MRPs. They param-
eterize the g( ) function as

gf[C(¾)]g D 4
¾T ¾

(1 C ¾T ¾)2
(30)

and

¶ g

¶ ¾
D 8¾

1 ¡ ¾T ¾

(1 C ¾T ¾)3
(31)

The MRPs are a minimal attitude description, which are also non-
singularwhen combinedwith their correspondingshadowset. They
are well suited to describe any large arbitrary rotation while their
equations retain a simple polynomial form.

The g([C ]) attitude penalty function can be parameterized by
any other attitude coordinate representation of [C]. Note that all
g( ) equations shown return the same penalty for a given physical
orientation.They only differ in their [C ( )] representation.This atti-
tude coordinate independent attitude penalty function effectively
removes the dependency of the optimal control solution on the
choice of attitude coordinates.However, the optimal attitude costate
vector K r depends on the attitude coordinates used inasmuch as
Eqs. (8) and (11) depend on the partial derivative of g( ) with re-
spect to the particular attitude coordinates.

IV. MRP Attitude Penalty Function
Although the universal attitude penalty function g( ) has some

very appealing properties, it is usually more complicated than just
using the standard sum squared of the attitude coordinates typically
seenas an optimal controlperformancemeasure.For example,using
the simpler attitude penalty function

G(¾) D ¾T ¾ (32)

where ¾ is a MRP vector, retains all properties of g( ) de� ned in
Eq. (21), except being universal with respect to attitude coordinate
choice.By switchingbetweenoriginalandshadowMRP trajectories
on the ¾T ¾ D 1 surface, the attitude penalties in Eq. (32) are
bounded within [0, 1]. Using Eq. (14), the penalty function can be
written in terms of the principal rotation angle v as

G[¾(Oe, v )] D tan2( v / 4) (33)

The G( ) function is plotted relative to the principal rotationangle v
in Fig. 2. Note that like the universal attitude penalty function g( ),
the maximum attitude penalty is also attained at a principal rotation
of §180 deg.

By using the MRPs, this penalty function is globally nonsingular
using a minimal attitude coordinatedescription.The nonsingularity
comes at the price of having the switching condition de� ned in
Eq. (15). However, both ¾ and ¾S are well de� ned for both the
original and the shadow parameters. By choosing the switching
surface ¾T ¾ D 1, Eqs. (15) and (18) are simpli� ed to

¾ S D ¡¾ (34)

P¾S D P¾ ¡ [ Qr ]! (35)

Observe from Eq. (35) that for pure single-axis rotations P¾ simply
equals P¾S on the ¾T ¾ D 1 switching surface. Because the deriva-
tives of the costates depend on the attitude coordinates, they will
also have a discontinuity as the attitude vector is switched.
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Fig. 2 MRP attitude penalty function G( ).

V. MRP Costate Switching Condition
The MRPs have many useful attributes.However, to avoid a sin-

gularity,thisminimal attitudecoordinatedescriptionneedsto switch
between the original and the shadow MRP set in a discontinuous
fashion.1,4 This switching can occur on any surface ¾T ¾ D c2,
where c ¸ 0. The most attractive switching surface is ¾T ¾ D 1
since it bounds j¾j to be within unit magnitude. The optimality
conditions for the optimal control problem used were derived as-
suming that all states were piecewise smooth and continuous. The
continuity is no longer guaranteed when using both sets of MRPs.

Because the original and shadow MRP satisfy exactly the same
differentialequation,theMRP costatedifferentialequationin Eq. (8)
is also the same for eitherset ofMRPs. To beable to switch theMRPs
along the optimal trajectory, an analogous mapping of the MRP
costates at the time of the switch is required. Because the attitude
penalty function g( ) renders the optimal trajectory independent of
attitude coordinate choice, the MRP switching could be triggered
by any ¾T ¾ D c2 surface. If the G( ) function is used, then one
must switch the MRPs on the ¾T ¾ D 1 surface; otherwise the cost
function J will be discontinuous.

Deriving the necessarycorner conditionsfor discontinuousstates
has been covered in the literature, such as in Ref. 9. However, the
state discontinuities,and, therefore,the variationsof the state before
and after a jump, are assumed to be arbitrary in this reference.With
the MRPs we are in the unique situation where the discontinuity is
well de� ned through Eq. (15). This results in the state variations
before and after a jump being related and leads to a different costate
switching condition than what is found in the literature.

The Weierstrass–Erdmann corner conditionswere developed for
the case where the state derivative is discontinuous.7,12 The same
initial assumptions used in deriving the Weierstrass–Erdmann cor-
ner conditions also hold if the state, not the derivative of the state,
is discontinuous.Without loss of generality, let us assume that ¾ is
only discontinuous at t1, where 0 < t1 < t f . The cost function J ,
in terms of the system Hamiltonian H and the costates K , can now
be written as

J D h(t f ) C
t¡
1

0

(H ¡ K T Px) dt C
t f

tC
1

(H ¡ K T Px) dt

D J1 C J2 C J3 (36)

where x D col(¾, !) and K D col( K r , K x ). For notational com-
pactness, let us de� ne ¾¡ D ¾(t¡

1 ), ¾C D ¾(tC
1 ), K i ¡ D K i (t

¡
1 ),

and K iC D K i (t
C
1 ). Each integral can now be evaluated without

state discontinuityproblems. The � rst variation of J must satisfy7

d J D 0 D d J1 C d J2 C d J3 (37)

The � rst variation of J1 is

d J1 D
¶ h

¶ x
[x(t f )]T d x(t f ) (38)

Taking the � rst variation of J2 , we take into account that t1 is a free
� nal time:

d J2 D H t¡
1 ¡ K t¡

1

T Px t¡
1 d t1

C
t ¡
1

0

¶ H

¶ x

T

d x ¡ K T d Px C
¶ H

¶ u

T

d u dt (39)

Because the states are smooth and continuous within the integral,
d Px can be written as d/ dt ( d x). This permits d J2 to be integrated by
parts:

d J2 D H t¡
1 ¡ K t¡

1

T Px t¡
1 d t1 ¡ K t¡

1

T
d x t¡

1

C
t ¡
1

0

¶ H

¶ x
C PK

T

d x C
¶ H

¶ u

T

d u dt (40)

Let d x(t¡
1 ) D [d ¾(t¡

1 ), d !(t¡
1 )]T . Then the state variations at t¡

1 C
d t1 are de� ned as7,8

d ¾¡ D d ¾ t¡
1 C d t1 D d ¾ t¡

1 C P¾ t¡
1 d t1 (41)

d !¡ D d ! t¡
1 C d t1 D d ! t¡

1 C P! t¡
1 d t1 (42)

which reduces d J2 to the simple form

d J2 D H t¡
1 d t1 ¡ K T

r ¡ d ¾¡ ¡ K T
x ¡ d !¡

C
t ¡
1

0

¶ H

¶ x
C PK

T

d x C
¶ H

¶ u

T

d u dt (43)

Similarly, d J3 can be found assuming that the initial and � nal states
and the time t1 are free:

d J3 D K T
r C d ¾C C K T

x C d !C ¡ H tC
1 d t1 ¡ K (t f )

T d x f

C
t f

t C
1

¶ H

¶ x
C PK

T

d x C
¶ H

¶ u

T

d u dt (44)

Because the body angular velocity is continuous, d !¡ D d !C D
d !. After enforcing the optimality and transversalityconditions,the
total variation d J becomes9

d J D K T
r C d ¾C ¡ K T

r ¡ d ¾¡ C ( K x C ¡ K x ¡ )T d !

¡ H tC
1 ¡ H t¡

1 d t1 D 0 (45)

Because the variations d ! and d t1 in Eq. (45) are independent from
other variations, the following conclusions can be made:

K x C D K x ¡ (46)

H tC
1 D H t¡

1 (47)

Before any conclusionscan be made about K r ¡ and K r C , further
development is needed to establish what constitutes an admissible
variation d ¾¡ and d ¾C , what is their relationship,and whether they
are nonzero.

It is assumed that at time t¡
1 the optimal attitude ¾¤

¡ is on the
constraint surface ¾T ¾ D c2. Let ¾(t¡

1 C d t1) be a variation of ¾¤
¡.

Because the variation of ¾¤
¡ must also be on the sphere surface, the

following condition must hold:

¾¤
¡

2 D ¾ t¡
1 C d t1

2 D c2 (48)

Let ¾(t1 C d t1) be related to the optimal ¾¤
¡ through

¾(t1 C d t1) D ¾¤(t1) C d ¾1 (49)
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Fig. 3 Constraint illustration of
±¾ ¡ .

Fig. 4 Lemma
illustration.

as shown in Fig. 3. The variation d ¾¡ must be such that ¾¡ still lies
on the unit sphere. Using Eqs. (48) and (49), it can be shown that

¾¤
¡ C 1

2
d ¾¡

T
d ¾¡ D 0 (50)

The condition in Eq. (50) holds if the orthogonality is satis� ed or
if d ¾¡ is zero. The variation d ¾C must satisfy the same type of
condition.For general rotations,Eq. (50) is satis� ed through the or-
thogonality condition.However, for a single-axis rotation, Eq. (50)
is satis� ed by forcing d ¾¡ and d ¾C to be zero.

Lemma: The variations d ¾¡ and d ¾C must be zero if a single-axis
rotation is being performed.

Proof: From the de� nition of the MRPs in Eq. (14) it is clear
that for a single-axis rotation all MRP vectors will lie along the
constant principal rotation vector. This straight line will touch the
unit sphereconstraintsurfaceonlyat two points,as shownin Fig.4. It
is impossible to be at such a surface point and have a small variation
while remaining on the constraint surface.

Becausea switch occurs at t1, ¾C would be the shadowset of ¾¡.
This mapping from ¾¡ to ¾C is well de� ned in Eq. (15); therefore,
the variations d ¾¡ and d ¾C must be related.Their relative mapping
is found by taking the � rst variation of Eq. (15),

d ¾¡ D ¾¡4
C 2¾C¾T

C ¡ ¾T
C¾C I d ¾C (51)

which can be further reduced to the following useful form using
Eq. (15):

d ¾¡ D 2¾¡¾T
¡ ¡ ¾T

¡¾¡ I d ¾C (52)

Let us � rst examine the case where d ¾¡ and d ¾C are not zero. In
this case Eq. (45) shows that

K T
r C d ¾C D K T

r ¡ d ¾¡ (53)

which can be expanded using Eq. (52) to

K r C ¡ 2¾¡¾T
¡ ¡ ¾T

¡¾¡ I K r ¡
T
d ¾C D 0 (54)

Because Eq. (54) must hold for any admissible variations d ¾C, the
following costate switching condition is found:

K r C D 2¾¡¾T
¡ ¡ ¾T

¡¾¡ I K r ¡ (55)

Note that Eq. (55) yields a general mapping for the switching of a
costate K r ¡ to its shadow costate K r C . This mapping is valid for
any switching condition ¾T ¾ D c2, but has its simplest form if the
switching surface ¾T ¾ D 1 is chosen.

Equation (47) provides another condition that must be satis� ed
for optimality.Because the attitudepenaltyfunctionsgf[C(¾)]g and

G(¾) are such that p(t¡
1 ) D p(tC

1 ), Eq. (47) can be further reduced
using Eq. (46) to

K T
r ¡ P¾ t¡

1 D K T
r C P¾ tC

1 (56)

By making use of the costate switching condition in Eq. (55) and of
Eq. (16), this condition can be shown to be always true. Therefore,
Eq. (47) provides no further information for the case where d ¾¡
and d ¾C are nonzero.

By our Lemma, if the optimal rotation is a single-axis rotation,
then d ¾¡ ´ 0 and d ¾C ´ 0. Because of this, Eq. (45) does not
reveal any information about the costate K r at t1 . To derive the
necessary costate switching condition for K r Eq. (47), which was
reduced to Eq. (56), will be used.

Let Oe be the constant axis of rotation. Using Eq. (14) the attitude
vector can be written as ¾ D Oej¾j D Oe r . The body angular velocity
vector is given by ! D Oej!j D Oe x . From Eqs. (8), (11), and (19)
it is clear that for a single-axis rotation the attitude costate K r can
be written as K r D Oej K r j D OeK r . Using Eqs. (16) and (18) in
Eq. (56), the followingcostate switching conditioncan be found for
the single-axis rotation case:

K r C D ¾T
¡¾¡ K r ¡ (57)

This conditionshows that theonly instancefor which K r does not
have a discontinuityduring the switching is the case of a single-axis
rotationwith the switchingsurface¾T ¾ D 1. Note that even though
the costate switching condition in Eq. (55) was not derived for the
case of a pure single-axis rotation, it does simplify to Eq. (57) when
a single-axis rotation is imposed. This allows the costate switch-
ing condition for both cases to be uni� ed into one costate switch-
ing condition, Eq. (55). These developments prove the following
theorem.

Theorem (MRP costate switching condition): Let the MRP
switching surface be ¾T ¾ D c2 and let the attitude penalty func-
tion be continuous with respect to ¾, then the costate K x will re-
main continuous during the switching of the MRPs to their shadow
set. The costate K r , however, will have a discontinuity de� ned by
Eq. (55).

Note that this theorem allows for the MRPs to switch on any
surface ¾T ¾ D c2. A numerical method would not have to pinpoint
the time where this surface is penetrated.It is suf� cient to monitor at
each time step whether a surface penetrationhas occurred,meaning
that ¾T ¾ > c2. If yes, then the attitude state and costate would be
switched as shown. This theorem leads directly to the following
corollary regarding the costate magnitude j K r j during the MRP
switching.

Corollary: The costate magnitude j K r j will remain continuous
during the MRP switching if the ¾T ¾ D 1 switching surface is
used.

Proof: This corollary is veri� ed by using the theorem to � nd
K T

r K r before and after the MRP switching and using the fact that
during the switching ¾T ¾ is equal to 1.

This corollary shows that the MRP costates K r behave very sim-
ilarly to the MRP vector ¾ during the switching. Both switch on
the surface of a sphere. The difference is that ¾ switches on a unit
sphere, where K r switches on a sphere of arbitrary radius.

Insteadof using the calculusof variationsdevelopment, the MRP
costate switching conditions can also be derived by transforming
the given optimal controlproblemwith internaldiscontinuousstates
into a standard optimal control problem with a terminal constraint
surface. This is accomplished by doubling the number of system
states by assigning the states before and after the switch at t1 to
be separate, independent states. The states before the switch are
integrated forward in time on the interval [0, t1], where the states
after the switch are integratedbackward in time on [t f , t1]. By fold-
ing the time around the state discontinuity, the previously inter-
nal MRP switching at t1 now effectively becomes a terminal state
constraint.13 The MRP costate switching conditions are then found
by using the standard necessary conditions for a continuous op-
timal control problem with the terminal state constraint surfaces9

¾S (tC
1 ) C ¾(t¡

1 )/ r 2(t¡
1 ) D 0 and !(tC

1 ) ¡ !(t¡
1 ) D 0.
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VI. Single-Axis Analytical Result
To verify the MRP costate switching conditions, a simple single-

axis optimal control problem is solved analyticallyusing the MRPs
as attitudeparameters.For generality, the switching surface is set to
r 2 D c2. Let us minimize the cost function J , which depends solely
on the control u,

J D 1

2

1

0

u2 dt (58)

subject to the simple one-dimensional equations of motion for a
body with unit inertia

Pr D 1
4 (1 C r 2) x (59)

Px D u (60)

and subject to the state constraints

r (t0 D 0) D r 0 r (t f D 1) D r f x (t0) D x (t f ) D 0
(61)

The optimal control torque u¤ for this cost function J is known to
be of the form10

u¤(t) D k(1 ¡ 2t ) (62)

where k is simply a scaling factor that guarantees that the body
is at r f at t f . Note that the optimal trajectory is independent of
the choice of attitude coordinates. This allows the optimal control
problemto be solvedusingeither the originalMRP set or the shadow
set. By comparing the resulting costate K r history for the original
and shadow costates,we verify next the costate switching condition
for single-axis rotations in Eq. (57). The optimality condition in
Eq. (10) states that

u¤(t ) D ¡ K x (t ) (63)

Because u¤ is continuous, so is K x , as predicted in Eq. (46). If at
some point in time the MRPs are switched to their shadow set it
obviously has no effect on the continuity of K x .

To � nd a time history of the costate K r , Eq. (9) is used:

PK x D ¡ 1
4
(1 C r 2) K r (64)

Because PK x D 2k this can be solved for K r :

K r D ¡[8k/ (1 C r 2)] (65)

Let r S and K S
r be the shadowattitude and costate vector. Analogous

to the preceding, the solution for K S
r is

K S
r D ¡ 8k

1 C ( r S )2
(66)

Equation (66) can be written in terms of r by using Eq. (15):

K S
r D ¡ 8k

1 C (1/ r 2)
D ¡ 8k

1 C r 2
r 2 (67)

SubstitutingEq. (65) into Eq. (67) a direct relationshipbetween K S
r

and K r is obtained:

K S
r D r 2 K r (68)

By switching between the two possible MRP attitude descriptions
the costate K r must be switched as well according to Eq. (68).
This result veri� es the single-axis rotation MRP costate switching
condition found in Eq. (57).

VII. Three-Dimensional Numerical Result
To verify the general transformation given in the MRP costate

switching condition theorem, a three-dimensional optimal control
problem was solved as outlined in the problem statement. The atti-
tude penalty function was chosen to be the g( ) given in Eq. (21).
With this penalty function the answer did not dependon the attitude
coordinate choice. Therefore, the optimal solution using the com-
bined set of ¾ and ¾ S should be the same as the optimal solution
obtained by using only ¾ or ¾S .

The optimization problem was solved numerically by a steepest
descent method.9 The only modi� cation needed to use the com-
bined set of originaland shadowMRP vectorswas to check whether
¾T ¾ had grown larger than one. If yes, then the attitude vector was
switched to its shadow counterpart. At the same time the corre-
sponding attitude costate vector was also switched to its shadow
counterpart using the MRP costate switching condition.

The three-dimensional optimal control problem had a � xed ma-
neuver time of t f D 10 s. The body inertia matrix was = D
diag(0.5, 1.0, 0.7) kgm2. The cost function weights were K1 D 2,
K2 D 10, K3 D 1, K4 D 5, and R D 20. The initial states were
¾(0) D (0.87, 0, 0) and !(0) D (80.21, 51.57, 45.84) deg/s. Note
that the initial orientation has the body almost turned upside down
with a large initialangularvelocitydriving it to the upside-downori-
entation. This optimal control problem penalizes any nonzero state
and torque during the maneuver and any nonzero � nal state. Note
that the � nal state is left free though. Trying to minimize torque
for this maneuver, it is intuitively reasonable to let the body ro-
tate through the upside-down orientationand then reduce the states
instead of forcefully reversing the existing motion. We show key
results in Figs. 5–8.

Fig. 5 Optimal states for all three cases.

Fig. 6 Optimal control torque u.

Fig. 7 Three-dimensional
illustration of attitude
vectors.
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Fig. 8 Three-dimensional illustration of costate K ¾ .

Three separateoptimalcontrolproblemswere solvedusing¾/ ¾ S ,
¾, or ¾S as the attitude coordinates. As expected, all three opti-
mizations converged to the same solution. The principal rotation
angle v and the magnitude of the angular velocity are shown in
Fig. 5. The optimal solution indeed lets the body rotate through
the v D 180 deg point and diminishes simultaneously the an-
gular velocity and attitude errors as the � nal maneuver time is
approached.

The optimal control torque for the maneuver is shown in Fig. 6.
The attitude coordinatevector time histories were different for each
problembecausedifferent attitude coordinateswere used. The com-
bined set ¾/ ¾S startedout identical to ¾, becausethe initial attitude
vector had less than unit magnitude. As j¾j grew larger than one,
the combined set ¾/ ¾ S trajectory is switched to the shadow set
¾ S trajectory. This is shown in Fig. 7. The black line denotes the
trajectory of the combined ¾ and ¾ S set, which remains within
the unit sphere. Note that this trajectory converged exactly with
the ¾ and ¾S trajectories whenever they, too, were within the unit
sphere.

The ultimate test of the MRP costate switching condition the-
orem is to see if the costate K r exhibits the same behavior. The
costate trajectories are shown in Fig. 8. Again the black line is the
solution obtained using the combined ¾/ ¾S set and using the MRP
costate switching condition. Indeed, the costate K r switches ex-
actly from the costate trajectoryof the pure ¾ solution to the costate
trajectory of the pure ¾ S solution, thus verifying the theorem pre-
sented.

VIII. Conclusion
A universalattitudepenaltyfunctiong( ) for optimalcontrolprob-

lems is presented that makes the optimization independent of the
choice on attitude coordinates. This function also has other bene� -
cial properties such as being bounded between 0 and 1 and being
nonsingular. Another attitude penalty function G( ) was presented
thatmade use of many goodpropertiesof theMRP. The MRP costate
switching condition introduced makes the use of MRPs combined
with their shadow set possible for general motion optimal control
problems.
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